Abstract-The non-steady state current density for reversible electrochemical coupled with a homogeneous enzyme reaction and a constant potential is presented in this manuscript for the first time. The model is based on non-stationary diffusion equations with semi infinite boundary condition containing a nonlinear term related to the kinetics of an enzymatic reaction. The nonlinear differential equation for the mediator is solved for reversible homogeneous enzyme reaction. Approximate analytical expressions for the concentration of the mediator and corresponding current for non-steady state conditions are derived. Kinetic parameters are also determined such as Michaelis-Menten constants for substrate (K MS ) and mediator (K MM ) as well as catalytic rate constant (k cat ). Upon comparison, we found that the analytical results of this work are in excellent agreement with the numerical (Matlab program) and existing limiting case results. The significance of the analytical results has been demonstrated by suggesting two new graphical procedures for estimating the kinetic parameters from the current densities.
INTRODUCTION
Cyclic voltammetry has been used for the measurement of electroanalytical properties of analytes by means of modified electrodes. Furthermore, it has attracted a great interest in electrochemical reactions, in particular when it is coupled with a mediated enzyme reaction. Since Nicholson and Shain [1] first reported their theoretical treatment of cyclic voltammetry, it has commonly been used as an analytical method to explore reaction kinetics.
Simulations of mediated enzyme electrochemistry have been extensively reported [2] [3] [4] [5] . Bartlett and Pratt have reviewed and analyzed previous works on the simulation of enzyme electrodes [6] . Simulations are classified as either approximate analytical methods or numerical methods. To obtain an approximate analytical solution, approximation and classification of each different condition are needed. On the other hand, digital simulation to obtain a numerical solution can be applied to any case, and neither simplification nor classification is necessary [7] . Many digital simulations for steady-state and non steady-state responses of enzyme electrochemistry have been reported [8] [9] [10] [11] [12] . However, concentration polarization of the substrate in the vicinity of an electrode surface has never been considered for cyclic voltammetric simulation of a mediated enzyme reaction. A cyclic voltammetric simulation of the homogeneous case has been described in a preliminary way by Bartlett and Pratt [6] and compared to the simulated cyclic voltammetric system with the simple EC' system. Unfortunately, no further studies have been reported.
Osman and coworkers [13] analyzed and discussed about the validation of model against the experimental polarization and power curves under different conditions. Do et al. [14] developed and investigated the influence of the electrode structure and the immobilization procedure, for two types of enzymatic electrodes. A computation model for microbial fuel cells (MFC) based on redox a mediator was described by Picioreanu et al. [15] . Voltage and power current characteristics can also be calculated at different moments in time to evaluate the limiting regime in which the MFC operates. Ideally the most powerful approach is to combine the use of approximate analytical solutions that provide physical insights into the nature of the rate limiting processes and the physical behavior of the system with numerical approaches that can be used to fit the full range of experimental data and to extract the best estimates of the controlling kinetic parameters. Eswari et al. [16, 17] derived analytical expressions of concentration and current for an EC and EC' reaction using Laplace transform method for cyclic voltammetry. The simulation of an idealized model for particular type of voltammetry and focusing on the effects of adsorption coverage and binding strength on the surface on the voltammetry response was stated [18] . Molina et al. [19] presented a series of simple analytical equations for multi electron transfer processes in cyclic voltmmetry and staircase cyclic voltammetry at disc electrodes of any size.
Kenji et al. [20] developed a cyclic voltammetric simulation that can be applied to an electrochemically mediated enzyme reaction involving any substrate and mediator concentration.
Rajendran et al. [21] reported an analytical expression of transient and steady-state catalytic current of homogeneous mediated bioelectrocatalysis for pingpong mechanism for semifinite domain.
Kenji et al. [22] developed an electrochemically mediated enzyme reaction involving any substrate and mediator concentrations from cyclic voltammetry simulation for reversible electrochemical reactions with one electron followed by an enzyme reaction with two electrons. To the best of our knowledge, no rigorous analytical expressions for non-steady state concentrations and current with a constant potential for all values of parameters have been previously reported. In this manuscript, we present for the first time the approximate analytical expressions for the concentration of mediator using homotopy perturbation method. The current for constant potential was determined corresponding to all possible values of the parameters.
MATHEMATICAL FORMULATION Reversible Reaction Coupled with a Homogeneous Enzyme Reaction
We first, consider an electrochemical reaction coupled with a homogenous enzyme reaction. In equation (1), we assume one electron transfer for the electrochemical reaction and in equation (2) , two electron transfers for the enzyme reactions as shown below:
Where R, O, S, ans P are the reduced and oxidized forms of the mediator, substrate and product respectively. Figure 1 [20] . Considering one-dimensional diffusion with coupling of reactions (1) and (2) described by Fick's law leads to the following strongly nonlinear partial differential equations [22] :
where and represents the reduced and oxidized forms of the mediator and substrate concentration respectively.
is the turnover number.
are the Michaelis-Menten constants for the mediator and substrate respectively.
is the enzyme concentration and represents the diffusion coefficients for the reduced form of the mediator and substrate. The initial and boundary conditions for the above equations are given as follows:
(5) (6) where and and are the bulk concentration of mediator and substrate respectively. Here we can assume that the scan rate is very small and the concentration at x = 0 is potential dependent. At all and , sum of the concentrations of reduced and oxidized form of the mediator is constant .
The current density j (μA/cm 2 ) is given by (8) By using Eq. (7), we can rewrite the Eq. (3) as
.
Now the initial and boundary conditions for the Eqs. (4) and (9) becomes as follows: (10) (11) Now the current density (Eq. (8)) becomes [21] (12)
Using a recent approach of homotopy perturbation method [23] [24] [25] and shifting formula of Danckwerts' expression [26] [27] [28] (Appendix A, this is given in supplementary material), we can obtain the approximate analytical expression for the concentration of mediator: (13) where the dimensionless parameters (14) Above Eq. (13) satisfies the boundary condition (10) and (11) when is very small.
Therefore, the dimensionless current density becomes 
, . 
The Eqs. (13) and (15) are the new expression for mediator and current correspond to a constant potential for semi infinite boundary conditions. The current density for steady state condition becomes (16) When are very large (β or γ is large) . In this case . This is represented by the Cottrell equation of current for planar electrode.
Limiting cases
Case (i): Homogenous system in the presence of excess amount of substrate and low mediator concentration. If the substrate concentration is extremely high and the mediator concentration is extremely low then Eq. (3) becomes as follows [22] : (17) Then dimensionless form of Eq. (17) is as follows: (18) Where is the dimensionless parameter. We obtain the approximate analytical expression of mediator concentration and the current density with enzyme reaction, by replacing as in the Eqs. (15) and (16) . Now, the dimensionless current density becomes: (19) The steady state current density becomes: (20) when τ is small, (21) By plotting verses , we obtain the kinetic parameter . Case (ii): Homogenous system in the presence of excess amount of substrate when the mediator is confined in bulk phase [22] . If the substrate concentration is extremely high, then the Eqn. (3) is written as [22] : (22) Then the dimensionless form of the above Eq. (22) is as follows:
Where is dimensionless parameter. We obtained the approximate analytical expression of mediator concentration and the current density for without enzyme reaction, by replacing as in the Eqs. (15) and (16) . The current density for this case becomes: (24) The steady state current density becomes: (25) From the Eqs. (24) and (25) we also get as
DETERMINATION OF KINETIC PARAMETERS OF THE ENZYME REACTION FROM CURRENT DENSITY PROFILE
A simple and closed-form of an analytical expression for the current density (Eq. (15)) leads to find the rate constant and Michaelis-Menten constants. The current density is dependent upon the parameters α, α', and . Then the Eq. (15) can be rewritten as: (27) Substituting the value of and in the above equation (27) , we can obtain the linear equation as: (28) The plot of versus gives the slope = and intercept = as shown in Fig. 2a . Now, using the plot of the parameter versus , we can estimate the MichaelisMenten constant for the substrate and mediator , turnover rate (Fig. 2b) . The flowchart for estimation of rate constants from the Eq. (27) is also given in Fig. 3 . The graphical procedure yields the Michaelis-Menten constants:
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From the above Eq. (30), the dimensionless diffusion layer thickness can be determined as given below:
From Eq. (31), we can also obtain the mass transfer coefficient .
VALIDATION OF THE MODEL
Next, we present how the analytical model is validated against the simulation results. Our analytical δ τ ( )
'erf( ' ) . 
. Flowchart for estimation of the rate constant and Michaelis-Menten constants by using the Eq. (27). Tables 1, 2 and Fig. 4 for non-steady state conditions. Matlab/Scilab program is also given in Appendix C as a supplementary material. From Tables 1, 2 and Fig. 4 , it can be noticed that our analytical results matches quite well with the numerical results for all the values of potential provided dimensionless time and Our approximate analytical expression for current density (Eq. (15)) is also compared with the limiting case results in Fig. 5 . The dimensionless current density attains the steady-state value when time (refer Fig. 5 ).
DISCUSSION
Equations (13) and (15) Figure 4 illustrates dimensionless concentration of oxidized mediator versus dimensionless distance from the electrode surface using Eq. (13) for various values of the parameters. Oxidised form of the mediator generated at the electrode is consumed within the diffusion layer by reaction with the reduced form of the enzyme present at its bulk concentration.
From the Fig. 5 , it is also observed that the concentration of mediator in the vicinity of the electrode surface increase when potential increases. This is also due to depletion of the substrate concentration in the vicinity of electrode when there is a high enzyme activity and mediator concentration and low substrate con- 
Influence of the Electrode Potential, Reduced Concentration of the Current
The influence of the current density versus dimensionless potential for various values of parameters β, γ, and τ is shown in Figs. 6a-6c . From this figure, it is observed that, the current density reaches the peak value when potential for all values of the other parameters. Also the current density decreases when dimensionless Michaelis-Menten constants for substrate , mediator and time increases. From the Fig. 6 , it is also noted that the shape of the cyclic voltammograms changes significantly with enzyme , substrate and mediator concentrations. At higher substrate concentration, the catalytic current density reaches the maximum value.
Influence Turnover, Michaelis-Menten Constant for the Mediator and Substrate on the Current
Figures 6a-6c illustrates the dimensionless current density versus potential for various values of the η ≥ 4 parameters. The current density increases as the dimensionless parameters decreases. From Fig. 6d , it is inferred that the current density increases as the dimensionless potential increase.
Influence of Diffusion Layer Thickness on the Current
Increasing the velocity of the solution brings reactants up to the electrode surface more easily, thus reducing the thickness of the diffusion layer . As decreases, the value of the limiting diffusion current density will increase, as per Eq. (29). The diffusionlayer thickness is the only factor influencing the limiting current density, which corresponds to the results of current transients indicated in Fig. 7 .
The concentration of mediator at the electrode surface becomes smaller than the value of in the bulk solution far from the electrode surface for
all values of potential . Also the stagnant layer of thickness exists at the electrode surface (Nernst diffusion layer) when the concentration of mediator is for (refer Fig. 7a ). From Fig. 7b , it is inferred that the diffusion layer thickness is increases when time increases.
Diffusion layer thickness is plotted against the time and potential as shown in Figs. 7c, 7d . The figure demonstrates that the diffusion layer thickness depends on the bulk concentration of substrate and mediator, turnover number and time. When the bulk concentration of substrate or mediator increases the diffusion layer thickness also increases. The diffusion layer thickness increases when the turnover number and time decreases. From the Figs. 7c, 7d , it is observed that the diffusion layer thickness reaches the steady state value when the potential for all values of other parameters. The thickness of the approximately linear diffusion layer grows with time. Differential sensitivity analysis is based on partial differentiation of the aggregated model. We have found the partial derivative of current density (dependent variable) with respect to the parameters β, γ, and η (independent variables). At some fixed experimental values of the parameters (β = 0.05, γ = 5, and η = 1), numerical value of rate of change of current density can be obtained. From this value we can obtain the percentage of change in current density with respect to the parameters β, γ, and η. Sensitivity analysis of the parameters is given in Fig. 8 . From this figure, it is inferred that the potential has more impact than the Michaelis constant for mediator for the variation of the current density. The remaining ψ ψ η ( ) parameter Michaelis-Menten constant substrate accounts for only small changes in current density. This result is also confirmed in the Fig. 8 .
CONCLUSIONS
A theoretical model for reversible electrochemically mediated enzyme reaction has been described. In this work, systems of coupled, non-steady state nonlinear reaction diffusion equations are solved analytically. We can determine the enzyme kinetic constants from the current density. The influence of the parameters such as diffusion layer thickness, turnover, Michaelis-Menten constant for the mediator and substrate and the electrode potential on the current are also discussed. Sensitivity analysis of the parameters is also reported. This technique can also be extended for Parameters Definition Units 
